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W1de angle x-ray scattering (WAXS) data from poly(etheretherketone) 
(PEEK) has been resolved 1nto a crystall1ne contribution represented as 4 
reflections and an amorphous contr1bution represented as a broad, smoothly 
varylng curve, both contribut1ons occurring in the 26 range: 15-31 
degrees. In this resolut1on the crystalline scatter 1S described as a 
linear comb1nation of Cauchy and Gaussian funct10ns while that of the 
amorphous halo is expressed as a cubic polynomial. Statistical analysis of 
the measured scattered intens1ty from an amorphous speclmen with that 
calculated from the cubic polynomial, as a function of the combination 
parameter (fract1on of Cauchy and Gaussian funct1ons), suggests that the 
crystall1ne fraction of the polymer speC1men stud1ed is about 0.39. A 
list1ng of the FORTRAN IV program used in the resolution is provided in the 
Appendix. 
I NTRODUCTI ON 
Compos1tes fabricated from thermoplastic resins have some inherent 
d1fferences in phys1cal properties from those of the current thermoset resin 
compos1tes and some formulations show cons1derable promise for structural 
applicat1ons. A part1al llsting of some of the potential advantages of such 
mater1als should 1nclude ease of formabllity. damage repair, and bonding as 
well as good environmental resistance and re-processing capability.1-3 
The concept of a thermoplastic implles the possibillty of some degree of 
crystalllzation and wlth this possibility there is the promise of material 
property enhancement. Indeed, increased toughness, reduced moisture 
degradat1on, and the chemical res1stance required for use in aerospace 
structures have been assoc1ated with crystallization 1n thermoplastic resin 
matrices.4 
Poly(etheretherketone) (PEEK) is one of the thermoplastic matrix resins 
Wh1Ch can be fabricated as a semi-crystalline matrix 1n combination with a 
carbonaceous fiber re1nforcement. This mater1al has been characterized as 
having mechanical propert1es super10r to those of currently used epoxies 
when tested under wet conditions at elevated temperatures. 4 Phys1cal 
property data and deta1ls of the synthesis of PEEK and other polyarylether-
ketones have been reported.S ,6 
In order to understand the relationship between a desired phys1cal 
property and an induced crystalline order in a matrix material a method for 
est1mation of the degree of this order is necessary. Added complex1ty in a 
polymer1c structure, e.g. changing from a one to a two phase material, is 
sure to have a far from straightforward effect on desired physical 
properties. It 1S well within reason to expect a small amount of added 
crystalline order to produce an increase in toughness, wh1le a greater 
increase Y1elds a br1ttle material. Hopefully a method for measurlng 
crystall1ne order 1n a polymer matrix would also be useful in the presence 
of a carbonaceous re1nforcement. 
W1de angle x-ray scattering (WAXS) has been used to invest1gate the 
nature of the crystalline structure appropriate for the poly(arylether) and 
poly(aryletherketone) polymers.7 - 9 The basis for the 1nterpretation of 
the WAXS data for PEEK and the other poly(aryletherketone) polymers has been 
the study of poly(p-phenylene oX1de) (PPO) which is reported7 to crystallize 
in the space group Pbcn (space group No. 60, International Tables for X-ray 
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Crystallography). Wh1le PEEK 1S a more compl1cated polymer than PPO and 
requlres at least SlX aryl unlts al1gned along the c-aX1S of its unit cell 
for 1tS descr1ption,6 ,8 the symmetry elements of Pbcn are appropriate for 
PEEK, as well as for PPO, and the maJor peaks in the WAXS data for this 
mater1al can be indexed based upon the assumption of a structural analogy 
between the two mater1als. 10 The four maJor crystall1ne reflections of 
PEEK, occurr1ng at -18.7, 20.7, 22.6, and 28.7 0 (26), have, therefore, 
been 1ndexed as 110, 113, 200, and 213, respect1vely, in strict analogy w1th 
the 1ndex1ng of reference 9. 
The purpose of th1S report 1S to descr1be an analytical procedure for 
the est1mat10n of degree of crystall1ne order in a thermoplastic polymer 
matr1X. Semicrystall1ne PEEK, a material of possible future use 1n 
aerospace applications, has been used to develop and illustrate this 
procedure. Intensity versus d1ffract1on angle data taken from a flat powder 
specimen ln a WAXS exper1ment has been used for the analysis. In order to 
bUlld ln a certa1n real1sm and thus to fac1litate extent10n to real 
spec1mens of compos1tes reflection geomet~ has been used to obtain the 
data. Wh1le the computer program developed for the analysis and presented 
ln the Appendix 1S speclalized for PEEK it is readily convertible to other 
formulatlons for Wh1Ch the maJor x-ray d1ffract10n reflections are known. 
ANALYTICAL 
Varlous methods for the determlnation of degree of crystalline order in 
polymerlc mater1als using WAXS data have been employed, some of which have 
ach1eved an almost standard pract1ce status. A sampl1ng of these methods, 
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ln order of lncreaslng ease of applicatlon, vary from a difficult to use but 
sophistlcated absolute method,ll through a more practical though less 
rigorous absolute procedure,l2 through a well-regarded index 
procedure,l3,l4 to a surprlsingly useful 2-point index method. lS All of 
these would be confounded by the presence of the carbonaceous reinforcement 
and lnvolve factors such as a requirement for multlple samples, transmlssion 
geometry, lnterpolation between standards, and for some, even an element of 
subJectlvlty. For those polymers wlth known crystal structure, however, a 
crystallinity determination by curvefit procedure l6 is feasible and in 
theory, at least, is unaffected by the previously mentloned factors and may 
even be practicable ln the presence of the carbonaceous reinforcement. 
The basls of the curvefit procedure l6 lS the expression of the measured 
x-ray lntenslty data versus diffractometer angle (29) for the polymeric 
specimen as a sum of the x-ray scatter from the known crystalline peaks plus 
that characteristlc of the broad, smoothly varylng paracrystalline or 
amorphous scatter. The crystalline peaks are described as a linear 
combination of Cauchy and Gaussian expressions with the llnear combination 
parameter varylng from 0 for a pure Cauchy function to 1 for a pure Gaussian 
functlon wlth lntermedlate values representing a comblnation of the 2 
functlons. The amorphous background scatter is expressed as a cubic 
polynomlal. 
Each crystalllne peak is deflned by parameters representing the peak 
helght, peak positlon, and width of the peak at half maximum, while the 
CUblC polynomial lS defined by 4 parameters. Thus, the expression for the 
summation of the crystalllne peaks plus that of the background curve for the 
4 reflections representative of PEEK in the 28 range of interest contains 16 
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lndependent varlables to be determined by the curveflt procedure. These 
lndependent varlables were determined by solving the system of nonlinear 
equations, l.e. the summation of the expressions for the crystalline 
reflections and background curve as a function of the dlffraction angle 
mlnus the measured intenslty value at that angle, by using Levenberg-
Marquardt and Gauss algorithms for the nonlinear least squares approxima-
tlons.17 The computer program, which solves for these variables and Wh1Ch 
contalns the Langley computing center's library routine, MARQ,18 1S present-
ed ln the Appendix for a real case. Convergence of the modified Marquardt 
algorlthm lS satisfled when the dlfference of the res1dual sum of squares 
estimates on two succeSS1ve iterations d1vided by the residual at the first 
of these lterat10ns is equal to as less than an lnput parameter based upon 
the relatlve accuracy of the equations. IS 
Once the parameters have been obtained, an integration or comparable 
mathematlcal procedure may be used to extract the relative areas under the 
various curves. An ObV10US first approximat1on to the polymeric crystalline 
fraction would then be the summation of the areas under the crystalline 
reflections divlded by the area under all curves. There is apparently some 
controversy about thlS, however, since some workers 12 report d1fferent 
constants of proportionality for relatlng the crystalline and amorphous 
fractlons to the respectlve 1ntegral intenslties (areas). Other workers,19 
base the1r data reduction upon the IILaw of Conservation of Intensityll,20 in 
effect, chooslng the more slmple procedure. Since the present goal is the 
description of an analytical procedure as applied to a speciflc 
thermoplast1c material and since only one crystalline specimen was required 
5 
to develop and lllustrate this procedure, the more simple expression for 
crystalline fraction is presented. 
EXPERIMENTAL 
WAXS data has been obtained on annealed and melt-quenched PEEK 
material. CuKa radlation was used with an automated powder x-ray diffracto-
meter equipped wlth a curved crystal, graphite monochromator. With the gen-
erator operated at 45 kV and 40 mA, the intensity of 1 s counts taken every 
0.01 degrees (26) was recorded on hard disk. The data in the angular range 
15.00-30.83°, an adequate range for evaluation of crystalline fraction,12 
was used for the present analysis. 
Commercially syntheslzed polymerlc material, recelved ln the form of 
compression mouldlngs, was melted in a hot press and immediately quenched in 
lce water to produce a light brown, transparent film which had a density of 
1.267 9 cm-3 as determlned by immersion in a toluene-carbon tetrachloride 
density gradlent column. This film was cooled to dry ice temperature, 
ground in a rotary mlll, and sleved using a 60 mesh screen. Part of the 
material WhlCh passed through the screen was used as is (the melt-quenched 
speclmen) and part was annealed in a vacuum oven at 267°C for 72 h to induce 
crystalllnity. The density of this annealed materlal (the crystalline 
speclmen) was determlned to be 1.295 g cm-3 • 
RESULTS AND DISCUSSION 
The mathematlcal expression used to describe the crystalllne 
reflectlons contalns a llnear comblnatlon parameter WhlCh controls their 
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geometr1cal shape. When th1S comb1nat10n parameter has the value 0, the 
reflect10ns are characterized as pure Cauchy functions, and when its value 
1S 1 they are represented as pure Gauss1ans. Intermediate values of the 
parameter produce compos1te representat10ns of the reflections. Figure 1 
presents a series of 10 plots (Figures l(a) - l(k)) depict1ng the changes 
1ncurred in the crystall1ne peaks and the background curve as the linear 
comb1nation parameter 1S varied from 1.0 to 0.0 in 0.1 1ncrements. They are 
compared on each plot w1th the actual measured data of sem1-crystalline PEEK 
appearing at the top of the figure as a curve composed of a series of points 
over the angular range 15.00-30.83° (20). The indices describing the 
crystall1ne reflections are 1ncluded in F1gure l(a). 
As the descr1pt1on of the crystall1ne peaks changes from pure Gauss1an 
(F1g. l(a)) to pure Cauchy (Fig. l(k)) tailing at the base of the peaks 
1ncreases un1formly. Th1S 1ncreased ta1l1ng produces a directly related 
1ncrease 1n the area of the crystall1ne peaks, which 1ncrease at the expense 
of the background area. The fractional crystalline area, which is the sum 
of areas under the 4 crystalline peaks d1vided by this sum plus the area 
under the background curve, var1es w1th the increased tailing from 0.2502 to 
0.3916 1n arb1trary intensity-degree units. This fractional crystalline 
area 1S related to a degree of crystall1ne order w1th the assumpt10n of 
equ1valent scatter from equ1valent phases. In all cases there 1S 
1nslgn1f1cant d1fference between the calculated area under the measured 
curve and the calculated summatlon of all curvefit areas. 
Slnce the summation of crystalline areas plus the area under the 
background curve 1S essent1ally constant, and Slnce the summat10n of the 
crystall1ne areas changes w1th the llnear combinat10n parameter, the shape 
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of the background curve (as well as 1tS area) also changes w1th this 
parameter. A compar1son of this background curve with that measured for 
amorphous PEEK, normal1zed for equal area, is presented in Figure 2, as a 
function of the llnear combination parameter. There is a progress1ve 
observable difference 1n the relationship between the 2 compared curves 
presented 1n Figures 2(a) and 2(b); however, a statistical analysis was 
performed to min1m1ze the necessity for subJect1ve Judgment as to the 
qual1ty of a representation. The slmple correlation coefficients between 
the set of p01nts describing the background curve as a function of the 
llnear comb1nation parameter and the measured data for an amorphous 
specimen, each having 1584 observat1ons, were determined and are presented 
1n Table I. 
The variat10n of the amorphous area, fractional crystalline area, and 
correlation coeffic1ent as the form of the crystalline peak shape is 
systemat1cally varied from that of a pure Cauchy function to that of a pure 
GaUSS1an funct10n 1S presented 1n Table I. There 1S displayed a systematic 
1ncreas1ng trend 1n the correlat1on coeff1cient with increasing Cauchy 
character suggesting that for the present WAXS experiment w1th 
semi-crystall1ne PEEK powder the pure Cauchy description of the crystalline 
peak shape is preferred. Others, however, have reported a llnear 
combinat1on parameter of 0.5 to Y1eld the best f1t for many synthetic and 
natural f1bers,16 wh1le another worker analyzed nylon data using pure Cauchy 
express1ons.21 Concom1tant with the present trend 1S the determination that 
the crystall1ne fract10n of the annealed PEEK is 0.39. 
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CONCLUDING REMARKS 
A curvefit procedure, based upon the modi fled Marquardt algorithm, has 
been developed and lllustrated wlth semi-crystalline PEEK. Intensity versus 
dlffractlon angle data taken from flat powder specimens (crystalline and 
amorphous) ln reflectlon geometry has been used for the analysls. While the 
method was deslgned to be based upon one semi-crystalline sample only, an 
amorphous speClmen was required to dlscrimlnate between the various 
Solutlons. Extentlon of the analytical procedure (and computer program) to 
other systems, such as PEEK composltes containing carbonaceous fiber, should 
be straightforward. 
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Table I. Results of Curvefltting Procedure and Statistical Analysis as a 
Function of the Linear Combination Parameter for Semi-crystalline PEEK 
Polymer Matri x. 
FRACTIONAL 
COMBINATION AMORPHOUS CRYSTALLINE CORRELATION 
PARAMETER * AREA** AREA COEFFICIENT*** 
0.0 23441 .3916 .9705 
0.1 24079 .3751 .9701 
0.2 24690 .3592 .9698 
0.3 25276 .3440 .9694 
0.4 25842 .3293 .9692 
0.5 26388 .3151 .9690 
0.6 26917 .3014 .9687 
0.7 27431 .2881 .9685 
0.8 27930 .2751 .9683 
0.9 28416 .2625 .9681 
1.0 28891 .2502 .9679 
*A llnear combination parameter of 0.0 implies a pure Cauchy function 
while that of 1.0 lmplles a pure Gaussian expression. 
**Area under amorphous halo in intensity - degree units relative to an 
area under the measured intensity envelope of 38530. 
***A measure of how well the shape of the derived cubic polynomial, 
descrlbing the amorphous halo, is correlated to the measured shape of 
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Figure Hat - X-ray diffractogram of semi-crystalline PEEK compared to resolved 
crystalline scatter represented as a linear combination of Cauchy and Gaussian 
functions and the amorphous halo represented by a cubic polynomial. 
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Figure I(k). - Combination parameter = O. O. Fractional crystalline area = 0.3916. 
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Figure 2(a). - Amorphous halo as represented by a cubic polynomial compared 
with data from amorphous PEEK, normalized for equal area, for combination 
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Figure 2(b)' - Amorphous halo as represented by a cubic polynomial compared 
with data from amorphous PEEK, normalized for equal area, for combination 
parameters varying from 0.0 to 0.4. 
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APPENDIX I. A FORTRAN IV COMPUTER PROGRAM FOR THE 
RESOLUTION OF POLYMER MATRIX CRYSTALLINE SCATTER 
The code listed ln this Appendlx represents that used to calculate one of, 
the cases presented ln thlS report. A dummy call to a PLOT routine is used 
Slnce these routlnes are, in general, arbitrary and thus not transportable. 
Subroutlne MARQ, which solves a system of N nonlinear equations ln N 
unknowns for the real roots by the modlfied Marquardt algorithm, is a 
Langley Research Center llbrary routlne. (Mathematical and Statistical 





COMMON TT, XRI, G 
DIMENSION X(16), FX(1584), 
DIMENSION IRAY(6) 
WK(33800), TT(lS84), XRI(lS84) 
DIMENSION IN(24) 
DATA IRAY/6 * (-0)/ 
DATA M/1584/, N/16/, 





1 952. , 20.67, 
2 lS70., 22.S6, 
3 1008. , 28.6S, 
S -9S00., 1300. , 
6 0.600/ 
COMMENT. INITIALIZE G AT THIS TIME 
G = O.S 
COMMENT: OBTAIN X-RAY INTENSITIES FROM ARBITRARY FILE 
C 
DO S I=l,M 
READ(S,3) IN 
3 FORMAT(8(Al,A5,A4» 
IF(IN(2) .EQ. SHI0.00) GO 




11 = 1 
12 = 11 + 7 
DO 2S I3 = 1,6 
DO SO 14 = 1,31 
READ(S,7) (XRI(I),I=Il,I2) 
7 FORMAT(10X,8(F7.0» 
11 = 11 +8 
12 = 12 + 8 
SO CONTINUE 




12 = II + 7 
25 CONTINUE 








COMMENT: WE NOW HAVE IS84 XRI'S 
IRAY(4) = 0 




1 FORMAT(IHl,18X,17HEXPERIMENTAL DATA) 
PRINT2 
2 FORMAT( IHO, 13X, 9H 2-THETA ,lOX, 9I1INTJ<:NSITY, / /) 






T = 14.99 
DO 100 I=l,M 
T "" T + 0.01 
TT(I) = T 
100 CONTINUE 
105 CONTINUE 
COMMENT: MARQ USES GAUSS AND LEVENBERG-MARQUARDT ALGORITHMS 
C TO RESOLVE WAXS INTO CRYSTALLINE AND PARACRYSTALLINE CONTRIBUTIONS 
CALL MARQ(M,N,X,C,EPS,NSIG,ITMAX,FX,F,WK,IERR) 
PRINT150,G 
150 FORMAT(lHO,3HG =,G22.14) 
PRINT900,IERR 
IF(IERR .NE. 0) GO TO 10 
C WRITE(6,901) (X(I),I=l,N), (FX(I),I=l,M), ITMAX 
PRINT200 
200 FORMAT(lH1,25X,15HSOLUTION VECTOR,II) 
PRINT250 
250 FORMAT(lHO,5X,11HPEAK HEIGHT,10X,13HPEAK POSITION,7X,17HWIDTH AT 1 
1 I 2 MAX., I /) 
NX = N - 4 
PRINT300, (X(I),I=l,NX) 
300 FORMAT (lH ,3G22.14) 
PRINT325 
325 FORMAT(lHO,35X,23HPOLYNOMIAL COEFFICIENTS) 
NP = NX+1 
PRINT350, (X(I), I=NP,N) 
350 FORMAT(lHO,4G22.14) 
PRINT400 
400 FORMAT(lH1,30X,19HVALUES OF EQUATIONS,IIII) 
PRINT300, (FX(I),I=l,M) 
PRINT500,ITMAX 
500 FORMAT(23HONUMBER OF ITERATIONS =,14) 
CALL AREA(X,M,N) 
CALL PLOT(X,M,N) 
GO TO 20 
10 WRITE(6,902) (X(I),I=l,N) 
PRINT500,ITMAX 
20 STOP 
900 FORMAT(13HOERROR CODE "",14) 
901 FORMAT(18HOSOLUTION VECTOR =,3G22.14/22HOVALUES OF EQUATIONS =, 
1 4G22.14/23HONUMBER OF ITERATIONS =,13) 






COMMON TT, XRI, G 
DIMENSION X(N), FX(M), TT(1584), XRI(1584) 
DIMENSION PH(4), PP(4), PW(4), EQ(4) 
A1 = X(N-3) 
A2 = X(N-2) 
A3 = X(N-1) 
A4 = X(N) 
?? 
,. 
DO 100 I""l,M 
INDEX =- 0 
DO 200 L=1,4 
PH(L) = X(L+INDEX) 
PP(L) = X(L+1+INDEX) 
PW{L) = X(L+Z+INDEX) 
INDEX = INDEX + 2 
EQ{L) = (G *PH(L) * EXP(-ALOG(2.0)*«Z.0*(TT(I)- PP(L» 1 PW{ 
1 L»**Z.O»)+ «(l.O-G)*PH(L»1 (l.O+{{{Z.O*{TT(I)- PP(L») 1 PW{ 
2 L»**2.0») 
200 CONTINUE 
B = Al + (A2*TT(I» + (A3*(TT(I)**Z» + (A4*{TT{I)**3» 
50 CONTINUE 





COMMON TT, XRI, G 
DIMENSION TT(1584), XRI(1584), CP(1584) 
DIMENSION PH(4), PP(4), PW(4), EQ(lS84,4) 
DIMENSION lRAY(6) 
DIMENSION B(4), X(16) 
DATA IRAY/6 * (-O)I 
IRAY(4) = 0 
CALL SYSTEMC (llS,IRAY) 
DO 110 I=1,M,8 
PRINT6,XRI(I),XRI{I+l), XRI{I+2),XRI(I+3),XRI(I+4),XRI{I+S),XRI(I+ 
26),XRI(I+7) 
6 FORMAT(lH ,10x,8FlO.2) 
110 CONTINUE 




Bl = X(N-3) 
BZ = X(N-2) 
B3 = X(N-l) 
B4 = X(N) 
DO ISO I=l,M 
INDEX = 0 
DO 200 L=1,4 
PU(L) = X(L+INDEX) 
ppeL) = XeL+l+INDEX) 
PW(L) = XeL+Z+INDEX) 
INDEX = INDEX + 2 
EQ(I,L) = (G *PU(L) * EXP{-ALOG{Z.0)*{(2.0*(TT{I)- PP(L» 1 PW( 
1 L»**2.0»)+ «(l.O-G)*PH{L»1 (1.0+«(2.0*(TT{I)- PP{L») 1 PW( 
2 L»**Z.O») 
200 CONTINUE 
CP(I) = B1 + B2 *TT(I) + B3 *(TT(I)**2) + B4 *(TT(I)**3) 
lSO CONTINUE 
COMMENT XRI=X-RAY INTENSITY; 
TAE = 0.0 






PC = 0.0 
DO 225 I=l,M 
TAE = TAE + XRI(I) 
Al = Al + EQ(I,l) 
AZ = A2 + EQ(I,Z) 
A3 = A3 + EQ(I,3) 
A4 = A4 + EQ(I,4) 
PC = PC + CP(I) 
225 CONTINUE 
COMMENT: GENERATE AREAS 
C 
BASE = TT(M) - TT(l) 
TAE = (TAE/M) * BASE 
Al '" (Al/M) * BASE 
A2 (A2/M) * BASE 
A3 (A3/M) * BASE 
A4 '" (A4/M) * BASE 
PC = (PC/M) * BASE 
TOTAL = Al + AZ + A3 + A4 +PC 
XTAL = (AI + AZ + A3 + A4) / TOTAL 
PRINTIO,TAE,TOTAL 
10 FORMAT(lH ,//,lX,47HTOTAL AREA UNDER MEASURED INTENSITY ENVELOPE 
1 ,F14.4,10X,15H(TOTAL PEAKS = ,F14.4,lH» 
PRINTll.Al.A2.A3,A4.A5 
11 FORMAT(lHO,Z8HAREAS OF DIFFRACTION PEAKS: ,5(F14.4,3X» 
PRINTlZ, PC 
lZ FORMAT(lHO,34HAREA OF PARACRYSTALLINE SCATTER = ,F14.4) 
PRINT13, XTAL 









IOPT = 0 
DELTA = 0.0 
MAXFN = (ITMAX+1) * (N+l) 
CALL QXZ031(F,M,N,NSIG,EPS,DELTA,MAXFN,IOPT,C,X,WK(INDWK1),FX, 
*WK(INDWK2),M,WK(INDWK3),WK,INFER,IERR) 











































IERR = 0 
FX,XJAC,IXJAC,XJTJ,WK,INFER,IERR) 
THE SOLUTION X IS A STATIONARY POINT. 
X(N),FX(M),PARM(S),XJAC(1),XJTJ(I),WK(6) 














C .OR. PARM(l) .LE. 0.0) GO TO 305 
IMJC = IXJAC-M 
I~ (IOPT.NE.2) GO TO 5 
IF (PARM(2).LE.ONE.OR.PARM(I).LE.ZERO) GO TO 305 
5 PREC = TEN**(-SIG-ONE) 
REL = TEN**(-SIG*HALF) 
RELCON = TEN**(-NSIG) 
IGRADI = «N+I)*N)/2 
IGRADL = IGRAD1+1 
IGRADU = IGRADl+N 
IDELXI = IGRADU 
IDELXL = IDELXl+l 
IDELXU = IDELXI+N 
ISCALI = IDELXU 
ISCALL = ISCAL1+l 
ISCALU ISCALI+N 
IXNEWI = ISCALU 
IXNEWL = IXNEW1+l 
IXBADI = IXNEWl+N 
IFPLI = IXBADl+N 
IFPL = IFPL1+1 
IFPU = IFPL1+M 
IFMLI = IFPU 
IFML IFML1+1 
IMJC = IXJAC - M 
AL = PARM( 1) 
CONS2 = 0.0 
IF (IOPT.EQ.O) GO TO 20 
IF (IOPT.EQ.I) GO TO 10 
MACHINE DEPENDENT CONSTANTS 






























































AL = PARM( 1) 
FO "" PARM(2) 
UP = PARM(3) 
CONS2 = PARM(4)*HALF 
GO TO 15 
10 AL = POI 
FO = TWO 
UP = HUNTW 
CONS2 = TENTH 
15 ONESFO = ONE/FO 
FOSQ = FO*FO 
FOSQS4 = FOSQ**4 
20 IEVAL = 0 
DELTA2 = DELTA*HALF 
ERL2 = ONEP10 
IBAD = -99 
ISW = 1 
ITER = -1 
INFER = 0 
IERR = 0 
DO 25 J=IDELXL,IDELXU 
WK(J) = ZERO 
25 CONTINUE 
GO TO 165 
30 SSQOLD = SSQ 
MAIN LOOP 
CALCULATE JACOBIAN 
IF (INFER.GT.O.OR.IJAC.GE.N.OR.IOPT.EQ.O.OR.ICOUNT.GT.O) GO TO 55 
RANK ONE UPDATE TO JACOBIAN 
IJAC = IJAC+l 
DSQ = ZERO 
DO 35 J=IDELXL,IDELXU 
DSQ = DSQ + WK(J) * WK(J) 
35 CONTINUE 
IF (DSQ.LE.ZERO) GO TO 55 
DO 50 I=1,M 
G = FX(I) - WK(IFML1 + I) 
K = I 
DO 40 J=IDELXL,IDELXU 
G = G + XJAC(K) * WK(J) 
K =: K+IXJAC 
40 CONTINUE 
G = G/DSQ 
K = I 
DO 45 J=IDELXL,IDELXU 
XJAC(K) = XJAC(K) - G * WK(J) 
K = K+IXJAC 
45 CONTINUE 
50 CONTINUE 
GO TO 80 
55 IJAC =: 0 
K = -IMJC 
DO 75 J=1,N 
























































K = K+IMJC ZXSSQ276 
XDABS = ABS(X(J» ZXSSQ277 
HH = REL*(AMAX1(XDABS,AX» ZXSSQ278 
XHOLD = X(J) ZXSSQ279 
X(J) = X(J)+HH ZXSSQ280 
CALL F(X,M,N,WK(IFPL» ZXSSQ281 
IEVAL = IEVAL +1 ZXSSQ282 
X(J) = XHOLD ZXSSQ283 
IF (ISW.EQ.1) GO TO 65 ZXSSQ284 
C CENTRAL DIFFERENCES ZXSSQ285 
X(J) = XHOLD-HH ZXSSQ286 
CALL F(X,M,N,WK(IFML» ZXSSQ287 
IEVAL = IEVAL + 1 ZXSSQ288 
X(J) 2 XHOLD ZXSSQ289 
RHH 2 HALF/HH ZXSSQ290 
DO 60 I=IFPL,IFPU ZXSSQ291 
K = K+1 ZXSSQ292 
XJAC(K) = (WK(I) - WK(I + M» * RHH ZXSSQ293 
60 CONTINUE ZXSSQ294 
GO TO 75 ZXSSQ295 
C FORWARD DIFFERENCES ZXSSQ296 
65 RHH = ONE/HH ZXSSQ297 
DO 70 I=l,M ZXSSQ298 
K = K+1 ZXSSQ299 
XJAC(K) == (WK( IFPLl + I) - FX( I» * RHH ZXSSQ300 
70 CONTINUE ZXSSQ301 
75 CONTINUE ZXSSQ302 
C CALCULATE GRADIENT ZXSSQ303 
80 ERL2X = ERL2 ZXSSQ304 
ERL2 = ZERO ZXSSQ305 
K = -IMJC ZXSSQ306 
DO 90 J=IGRADL,IGRADU ZXSSQ307 
K = K+IMJC ZXSSQ308 
SUM = ZERO ZXSSQ309 
DO 85 I=l,M ZXSSQ310 
K == K+1 ZXSSQ311 
SUM = SUM+XJAC(K)*FX(I) ZXSSQ312 
85 CONTINUE ZXSSQ313 
WK(J) = SUM ZXSSQ314 
ERL2 = ERL2+SUM*SUM ZXSSQ315 
90 CONTINUE ZXSSQ316 
ERL2 == SQRT(ERL2) ZXSSQ317 
C CONVERGENCE TEST FOR NORM OF GRADIENTZXSSQ318 
IF (IJAC.GT.O) GO TO 95 ZXSSQ319 
IF (ERL2.LE.DELTA2) INFER == INFER+4 ZXSSQ320 
IF (ERL2.LE.CONS2) ISW = 2 ZXSSQ321 
C CALCULATE THE LOWER SUPER TRIANGE OF ZXSSQ322 
C JACOBIAN (TRANSPOSED) * JACOBIAN ZXSSQ323 
95 L = 0 ZXSSQ324 
IS = -IXJAC ZXSSQ325 
DO 110 I==l,N ZXSSQ326 
IS = IS+IXJAC ZXSSQ327 
JS = -IXJAC ZXSSQ328 
DO 105 J=l,I ZXSSQ329 
27 
JS = JS+IXJAC 
L '" L+1 
SUM = ZERO 
DO 100 K=l,M 
LI '" IS+K 
LJ '" JS+K 
SUM '" SUM+XJAC(LI)*XJAC(LJ) 
100 CONTINUE 
XJTJ(L) = SUM 
105 CONTINUE 
110 CONTINUE 
C CONVERGENCE CHECKS 
IF (INFER.GT.O) GO TO 315 
IF(IEVAL .GE. MAXFN) GO TO 295 
C COMPUTE SCALING VECTOR 
IF (IOPT.EQ.O) GO TO 120 
K '" 0 
DO 115 J=-l,N 
K = K+J 
WK(ISCAL1 + J) XJTJ(K) 
115 CONTINUE 
GO TO 135 
C COMPUTE SCALING VECTOR AND NORM 
120 DNORM = ZERO 
K = 0 
DO 125 J=l,N 
K = K+J 
WK(ISCAL1 + J) = SQRT(XJTJ(K» 
DNORM = DNORM+XJTJ(K)*XJTJ(K) 
125 CONTINUE 
DNORM = ONE/SQRT(DNORM) 
C NORMALIZE SCALING VECTOR 
DO 130 J=ISCALL,ISCALU 
WK(J) '" WK(J) * DNORM * ERL2 
130 CONTINUE 
C ADD L-M FACTOR TO DIAGONAL 
135 ICOUNT = 0 
140 K = 0 
DO 150 I=l,N 
DO 145 J=1,I 
K = K+1 
WK(K) = XJTJ(K) 
145 CONTINUE 
147 WK(K) = WK(K) + WK(ISCAL1 + I) * AL 
148 WK(IDELX1 + I) = WK(IGRAD1 + I) 
150 CONTINUE 
C CHOLESKY DECOMPOSITION 
155 CALL QXZ032 (WK,1,N,WK(IDELXL),N,O,G,XHOLD,IERR) 
IF(IERR.EQ.O) GO TO 160 
IERR = 0 
IF (IJAC.GT.O) GO TO 55 
IF (IBAD.LE.O) GO TO 240 
IF (IBAD.GE.2) GO TO 310 
























































160 IF (IBAD.NE.-99) IBAD 0 
C CALCULATE SUM OF SQUARES 
165 DO 170 J=l,N 
WK(IXNEW1 + J) = X(J) - WK(IDELX1 + J) 
170 CONTINUE 
CALL F(WK(IXNEWL),M,N,WK(IFPL» 
IEVAL = IEVAL + 1 
SSQ = ZERO 
DO 175 I=IFPL,IFPU 
SSQ = SSQ + WK(I) * WK(I) 
175 CONTINUE 
177 IF (ITER.GE.O) GO TO 185 
C SSQ FOR INITIAL ESTIMATES OF X 
ITER = 0 
SSQOLD = SSQ 
DO 180 I=l,M 
FX(I) = WK(IFPL1 + I) 
180 CONTINUE 
GO TO 55 
185 IF (IOPT.EQ.O) GO TO 215 
C CHECK DESCENT PROPERTY 
IF (SSQ.LE.SSQOLD) GO TO 205 
C INCREASE PARAMETER AND TRY AGAIN 
190 ICOUNT = ICOUNT+1 
AL = AL*FOSQ 
IF (IJAC.EQ.O) GO TO 195 
IF (ICOUNT.GE.4.0R.AL.GT.UP) GO TO 200 
195 IF (AL.LE.UP) GO TO 140 
IF (IBAD.EQ.1) GO TO 310 
GO TO 300 
200 AL = AL/FOSQS4 
GO TO 55 
C ADJUST MARQUARDT PARAMETER 
205 IF (ICOUNT.EQ.O) AL = AL/FO 
IF (ERL2X.LE.ZERO) GO TO 210 
G = ERL2/ERL2X 
IF (ERL2.LT.ERL2X) AL = AL*AMAX1(ONESFO,G) 
IF (ERL2.GT.ERL2X) AL - AL*AMIN1(FO,G) 
210 AL = AMAX1(AL,PREC) 
C ONE ITERATION CYCLE COMPLETED 
215 ITER = ITER+1 
DO 220 J=l,N 
X(J) = WK(IXNEW1 + J) 
220 CONTINUE 
DO 225 I=l,M 
WK(IFML1 + I) - FX(I) 
FX(I) = WK(IFPL1 + I) 
225 CONTINUE 
C RELATIVE CONVERGENCE TEST FOR X 
IF (ICOUNT.GT.O.OR.IJAC.GT.O) GO TO 30 
DO 230 J=l,N 
XDIF = ABS(WK(IDELX1 + J» / AMAX1(ABS(X(J»,AX) 

























































INFER = INFER + 2 







235 SQDIF = ABS(SSQ-SSQOLD)/AMAX1(SSQOLD,AX) 
IF (SQDIF .LE. EPS) INFER = INFER+l 
IF(IBAD .EQ. -99) GO TO 30 
IF(INFER .NE. 0 .AND. SSQ .GT. (10.0 * EPS» GO TO 310 
GO TO 30 
240 IF (IBAD) 255,245,265 
245 DO 250 J=l,N 
XHOLD = WK(IXBAD1 + J) 
SINGULAR DECOMPOSITION 
CHECK TO SEE IF CURRENT 
ITERATE HAS CYCLED BACK TO 
THE LAST SINGULAR POINT 
IF (ABS(X(J)-XHOLD).GT.RELCON*AMAX1(AX,ABS(XHOLD») GO TO 255 
250 CONTINUE 
GO TO 310 
255 DO 260 J=I,N 
WK(IXBAD1 + J) 
260 CONTINUE 
IBAD = 1 
X(J) 
265 IF (IOPT.NE.O) GO TO 280 
K = 0 
DO 275 I=I,N 
DO 270 J=I,I 
K = K+1 
WK(K) = XJTJ(K) 
270 CONTINUE 
UPDATE THE BAD X VALUES 
INCREASE DIAGONAL OF HESSIAN 
WK(K) = ONEP5 * (XJTJ(K) + AL * ERL2 * WK(ISCAL1 + I» + REL 
275 CONTINUE 
IBAD = 2 
GO TO 155 
C REPLACE ZEROES ON HESSIAN DIAGONAL 
C 
280 IZERO = 0 
DO 285 J=ISCALL,ISCALU 
IF(WK(J) • GT • ZERO) GO TO 285 
IZERO = IZER0+1 
WK(J) = ONI': 
285 CONTINUE 
IF (IZERO.LT.N) GO TO 140 
TERMINAL ERROR 
290 IERR = IERR + 1 
295 IERR = IERR + 1 
300 IERR = IERR + 1 
305 IERR = IERR + 1 
310 CONTINUE 
IERR = IERR + 1 
IF (IERR • EQ . 2) GO TO 9005 
C OUTPUT ERL2,IEVAL,NSIG,AL, AND ITER 
315 G = SIG 
DO 320 J=I,N 


























































IF (XHOLD.LE.ZERO) GO TO 320 
G = AMINl(G,-ALOGI0(XHOLD)+ALOGI0(AMAXI(AX,ABS(X(J»») 
320 CONTINUE 
IF(N.GT.2) GO TO 330 
DO 325 J = I,N 
325 WK(J+5) :: WK(J+IGRADl) 
330 WK(I) = ERL2+ERL2 
WK(2) = IEVAL 
SSQ = SSQOLD 
WK(3) = G 
WK(4) = AL 
WK(5) = ITER 
9005 RETURN 
END 
SUBROUTINE QXZ032 (A,M,N,B,IB,IDGT,Dl,D2,IER) 






DIMENSION A( 1) , B( IB, 1) 
IER = 0 
CALL QXZ033 (A,A,N,Dl,D2,IER) 
IF (IER.NE.O) GO TO 9005 

















RN = ONE/(N*SIXTN) 
IP = 1 
IER==O 
DO 45 I ". I,N 
IQ == IP 
IR = 1 
DO 40 J = 1, I 
X :: A( IP) 
IF (J .EQ. 1) GO TO 10 
DO 5 K=-IQ,IPI 
X = X-UL(K)*UL(IR) 
IR = IR+l 
5 CONTINUE 
10 IF (I.NE.J) GO TO 30 
Dl = Dl*X 
IF (A(IP)+X*RN .LE. A(IP» GO TO 50 



























































D1 = D1 * SIXTH 
D2 = D2 + FOUR 
GO TO 15 
20 IF (ABS(D1) .GE. SIXTH) GO TO 25 
Dl = D1 * SIXTN 
D2 = D2 - FOUR 
GO TO 20 
25 UL(IP) = ONE/SQRT(X) 
GO TO 35 
30 
35 
UL(IP) = X * UL(IR) 
IP1 = IP 
IP = IP+1 
IR = IR+1 
40 CONTINUE 
45 CONTINUE 
GO TO 9005 








IW = 0 
DO 15 I=1,N 
T=B(I) 
IM1 = I-I 
ZERO/O. / 
IF (IW .EQ. 0) GO TO 9 
IP=IP+IW-l 
DO 5 K=IW,IMI 
T = T-A(IP)*X(K) 
IP=IP+l 
5 CONTINUE 
GO TO 10 
9 IF (T .NE. ZERO) IW = I 




SOLUTION OF LY = B 
C SOLUTION OF UX = Y 
Nl = N+l 
DO 30 I = 1,N 





IF (N.LT.IQ) GO TO 25 
KK = N 























































T = T-A(IS)*X(KK) LUELMP57 
KK = KK-l LUELMP58 
IS = IS-KK LUELMP59 
20 CONTINUE LUELMP60 
25 X( II)=T*A( IS) LUELMP61 
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